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Abstract
Let E be a CM elliptic curve defined over an algebraic number field F . In the previous paper
[N. Murabayashi, On the field of definition for modularity of CM elliptic curves, J. Number Theory 108
(2004) 268–286], we gave necessary and sufficient conditions for E to be modular over F , i.e. there ex-
ists a normalized newform f of weight two on Γ1(N) for some N such that HomF (E,Jf ) = {0}. We
also determined the multiplicity of E as F -simple factor of Jf when HomF (E,Jf ) = {0}. In this process
we separated into the three cases. In this paper we construct certain CM elliptic curves which satisfy the
conditions of each case. In other words, we show that all three cases certainly occur.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let E be a CM elliptic curve defined over an algebraic number field F ⊆ C such that End0
Q
(E)
is isomorphic to an imaginary quadratic field K ⊆ C, where End0
Q
(E) := EndQ(E) ⊗Z Q and
EndQ(E) denotes the ring of endomorphisms of E defined over Q. It is known by work of
Shimura [7] that there exists a normalized newform f of weight two on Γ1(N) for some N such
that E admits a non-zero homomorphism ϕ :E → Jf defined over Q, where Jf is the Q-simple
factor of the jacobian variety J1(N) corresponding to f .
In [2] we proved that E is modular over F (i.e. such a non-zero homomorphism ϕ can be
defined over F ) if and only if there exists a Grössen-character γ :K×A → C× (K×A is the idele
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N. Murabayashi / Journal of Number Theory 128 (2008) 576–588 577group of K) such that γ ◦ NF ′/K = βE/F ′ , where F ′ is the composite field of F and K in C,
NF ′/K is the norm map from F ′×A to K
×
A , and βE/F ′ is the Grössen-character of E/F
′
. Now we
assume that E is modular, so there exists such γ . Let m be the conductor of γ and let IK(m) be
the group of fractional ideals in K prime to m. By the manner explained in [2, p. 276], we can
define the homomorphism γ˜ : IK(m) → C× induced from γ . Set
f (z) = fγ˜ (z) :=
∑
a∈IK(m)
a: integral
γ˜ (a)qN(a) =
∑
m1
amq
m
(
q = e2πiz)
and put M := Q(am | m 1) (⊆ C). (In the previous paper [2] we denote this field by H . But in
this paper we will use H to denote the Hilbert class field of K , so we change the notation.) In (2)
of Theorem 5.2 in [2], separating into the three cases:⎧⎨⎩
Case 1: K  M,
Case 2: K ⊆ M
{ (a) γ = ρ ◦ γ ◦ ρ on P := K×NF ′/K(F ′×A ),
(b) γ = ρ ◦ γ ◦ ρ on P,
we determined the multiplicity of E as F -simple factor of Jf , where ρ is the complex conjuga-
tion map of C (which also induces an automorphism of K×A ). In this paper we construct certain
CM elliptic curves which satisfy the conditions of each case.
2. Preliminaries
Let K = Q(√−2m), where an integer m satisfies the conditions: m  1; m is square-free;
(2,m) = 1. Letting p be the prime ideal of OK (the ring of integers in K) lying above 2, then
we have (2) = p2 in OK . We denote by Op the completion of OK with respect to the valuation
associated to p. We use the same notation p to denote the maximal ideal of Op.
We study the structure of the multiplicative group O×p and determine the structure of
O×p /O×2p , where O×2p = {x2 | x ∈ O×p }. For any integer n  1, we put Vn := 1 + pn ⊆ O×p .
Since the multiplicative group of the residue field is trivial, it holds that O×p = V1 and the or-
der of the group W of roots of unity in Kp (the quotient field of Op) is a power of 2. If Kp
contains ζ2n , a primitive 2nth root of unity, then 2n−1 = [Q2(ζ2n) : Q2] [Kp : Q2] = 2, hence
n  2. If n = 2, √−1 ∈ Kp, so Q2(
√−2m) = Q2(
√−1), therefore 2m ∈ Q×22 . On the other
hand, since m is odd, v2(2m) = 1, where v2 is the 2-adic valuation, this is a contradiction. Hence
we have W = {±1}. We put π := √−2m. Then π is a prime element of Op, i.e. (π) = p in Op.
We have
−1 = 1 + 2 + 22 + 23 + · · · + 2n + · · ·
= 1 −m−1π2 +m−2π4 −m−3π6 + · · · ∈ V2 \ V3.
This implies that V2 = {±1} × V3.
Lemma 2.1. If n  3, the 2-adic logarithm function induces an isomorphism from Vn to the
additive group πnOp.
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|x| = 2−v2(x)  2− n2  2− 32 < 2−1 = 2− 12−1 .
Hence exp(x) can defined. We will show that exp(x) ∈ Vn. By definition,
exp(x) = 1 + x
1! +
x2
2! +
x3
3! + · · · +
xm
m! + · · · .
If m 3, then v2( x
m
m! ) = mv2(x)− v2(m!) > mn2 −m n2 , so
xm
m! ∈ π
nOp.
On the other hand,
x2
2! =
x2
2
= x
2
−m−1π2 = −m
x2
π2
∈ π2n−2Op ⊆ πnOp.
These imply that exp(x) ∈ Vn.
Next we take any y ∈ Vn, then the 2-adic logarithm log2 y can be defined. By Lemma 5.5 in
[9, p. 51], log2 y ∈ πnOp. So we have two homomorphisms:
exp :πnOp → Vn, log2 :Vn → πnOp.
By Proposition 5.7 in [9, p. 52], one is the inverse map of the other. Therefore log2 induces an
isomorphism. 
We set η := 1 +π . Clearly η ∈ V1 \V2 and V1 is generated by η and V2, i.e. V1 = 〈η,V2〉. We
have
η2 = 1 + 2π + π2 = 1 −m−1π3 + π2 = 1 + π2 −m−1π3 ∈ V2 \ V3.
We set δ := −η2, then
δ = −1 − π2 +m−1π3 = (1 −m−1π2 +m−2π4 −m−3π6 + · · ·)− π2 +m−1π3
= 1 − (1 +m−1)π2 +m−1π3 +m−2π4 −m−3π6 + · · · .
Since m is odd, m + 1 = 2r for some integer r . So 1 + m−1 = m−1(1 + m) = m−12r =
−m−2rπ2. Hence we have
δ = 1 +m−1π3 +m−2rπ4 +m−2π4 −m−3π6 + · · · ∈ V3 \ V4.
Taking any τ ∈ V4 \ V5, we have the following:
Proposition 2.2. O×p /O×2p is isomorphic to Z/2Z⊕Z/2Z⊕Z/2Z and generated by {η,−1, τ },
where a denotes the class represented by a ∈O×p .
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{±1} × π3Op.
Since V2 = 〈−1,V3〉, V 22 = V 23 ∼= 2π3Op = π5Op. By Lemma 2.1 and the above calculation,
η2 corresponds to the element (−1, uπ3) for some u ∈O×p and uπ3 ≡ π3 or π3 +π4 mod (π5).
We also have that τ corresponds to the element (1, vπ4) for some v ∈ O×p and vπ4 ≡
π4 mod (π5). These imply that V2/O×2p is isomorphic to Z/2Z ⊕ Z/2Z and generated by
{−1, τ }. Since V1 = 〈η,V2〉, we obtain the assertion. 
The complex conjugation map ρ induces the non-trivial automorphism of the extension K/Q
and Kp/Q2, respectively.
Proposition 2.3. The action of ρ on O×p /O×2p is the following:
ρ(τ) = τ , ρ(η) =
{−ητ if m ≡ 1 mod 4,
−η if m ≡ 3 mod 4.
Proof. Clearly ρ(Vn) = Vn (n 1), so ρ(τ) ∈ V4 \ V5. We have the expressions
τ = 1 + απ4, ρ(τ ) = 1 + α′π4
for some α,α′ ∈O×p . Hence
τρ(τ) = (1 + απ4)(1 + α′π4)= 1 + (α + α′)π4 + αα′π8.
Since α ≡ α′ ≡ 1 mod (π), α + α′ ≡ 0 mod (π), hence τρ(τ) ∈ V5 ⊆ O×2p . This implies that
ρ(τ) = τ .
We have
−ηρ(η) = −1 + π2 = 1 −m−1π2 +m−2π4 −m−3π6 + · · · + π2
= 1 − (m−1 − 1)π2 +m−2π4 −m−3π6 + · · · .
If m ≡ 1 mod 4, m = 1 + 4r for some integer r  0, so
m−1 − 1 = −m−1r22 = −m−3rπ4 ∈ (π4).
Therefore −ηρ(η) ∈ V4 \ V5. By the same argument for ρ(τ), we have that −ηρ(η)τ ∈ V5 ⊆
O×2p . This implies that ρ(η) = −ητ . If m ≡ 3 mod 4, m = 3 + 4s for some integer s  0, so
m−1 − 1 = m−2(1 + 2s)π2 ∈ (π2) \ (π3).
Therefore
−ηρ(η) = 1 −m−2(1 + 2s)π4 +m−2π4 −m−3π6 + · · ·
= 1 +m−3sπ6 −m−3π6 + · · · ∈ V6 ⊆ V5 ⊆O×2p .
Hence ρ(η) = −η. 
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Proposition 2.4.
(1) If m ≡ 1 mod 4, there exist exactly two homomorphisms h :O×p → {±1} with the following
properties:
(i) h(−1) = −1,
(ii) h(ρ(x)) = ρ(h(x)) (= h(x)) for any x ∈O×p .
(2) If m ≡ 3 mod 4, there exists no such homomorphism.
Proof. Let h :O×p → {±1} be a homomorphism satisfying (i) and (ii). If m ≡ 1 mod 4, ρ(η) =
−ητ , so h(η) = h(ρ(η)) = h(−ητ) = −h(η)h(τ), hence h(τ) = −1. Conversely we can easily
check that two homomorphism h defined by h(−1) = h(τ) = −1, h(η) = 1 or −1 satisfy (i)
and (ii). On the other hand, if m ≡ 3 mod 4, ρ(η) = −η, so h(η) = h(ρ(η)) = h(−η) = −h(η),
this is impossible. 
3. Construction of CM elliptic curves I
If m ≡ 3 mod 4, there exists at least one prime number q with q | m and q ≡ 3 mod 4. Let q
be the prime ideal of OK lying above q . Then (q) = q2 in OK . We define a homomorphism h1
by {O×p → {±1}, one of the two in (1) of Proposition 2.4 if m ≡ 1 mod 4,
O×q → {±1}, x → ( x mod qq ) if m ≡ 3 mod 4,
where (−) denotes the Legendre symbol. Clearly, in case of m ≡ 3 mod 4, h1 also satisfies
the two conditions in (1) of Proposition 2.4 with q instead of p. Put U :=∏rO×r , where r
runs through all the finite primes of K , i.e. U is the maximal compact subgroup of the non-
archimedean part of K×A . Let K×∞ be the archimedean part of K
×
A , which can be identified with
C× by the fixed inclusion K ⊆ C. We consider a open subgroup K×UK×∞ of K×A and define a
continuous homomorphism
σ1 :K
×UK×∞ → C×, xyz →
{ 1
z
h1(yp) if m ≡ 1 mod 4,
1
z
h1(yq) if m ≡ 3 mod 4
(x ∈ K×, y ∈ U,z ∈ K×∞), where yp (respectively yq) denotes the p-component (respectively
q-component) of y. Since h1(−1) = −1, we have that σ1(xyz) = σ1(x′y′z′) if xyz = x′y′z′,
i.e. σ1 is well defined. We have that σ1 = ρ ◦ σ1 ◦ ρ on K×UK×∞, because h1 = ρ ◦ h1 ◦ ρ
on O×p or O×q . Since the quotient group K×A /K×UK×∞ is canonically isomorphic to the ideal
class group ClK of K , there are exactly hK (the class number of K) continuous homomorphisms
from K×A to C× which coincide with σ1 on K×UK×∞. Let γ1 be one of them. Clearly γ1 is a
Grössen-character of K×A .
Theorem 3.1. Let a be a lattice in K = Q(√−2m). Then there exist exactly two elliptic curves E
defined over Q(jE) (up to isomorphism over Q(jE)) which satisfy the following two conditions:
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(ii) γ1 ◦NK(jE)/K = βE/K(jE) (⇒ E is modular over Q(jE)).
Moreover one of the two is the quadratic twist of the other corresponding to the quadratic exten-
sion K(jE)/Q(jE).
Proof. By Theorem 11 in [8, p. 523], there exists (at least) one such elliptic curve E. Let E′
be another one which satisfies the above conditions. By Theorem 5 in [8, p. 512], E and E′ are
isomorphic over K(jE), so E′ is isomorphic over Q(jE) to E or the quadratic twist of E corre-
sponding to K(jE)/Q(jE). Conversely, it is clear that the quadratic twist of E corresponding to
K(jE)/Q(jE) satisfies the conditions (i) and (ii). 
4. Construction of CM elliptic curves II
In this section we consider an imaginary quadratic field K with form Q(
√−p1 · · ·pt ), where
p1, . . . , pt (t  1) satisfy the following conditions:
• p1, . . . , pt are distinct prime numbers and pi ≡ 3 mod 4 (1 i  t),
• t = 1 ⇒ p1 = 3,
• t is odd.
Let pi be the prime ideal lying above pi (1 i  t). We define a continuous homomorphism
σ2 :K
×UK×∞ → C×, xyz →
1
z
t∏
i=1
(
ypi mod pi
pi
)
.
It is easy to check that σ2 is well defined and σ2 = ρ ◦ σ2 ◦ ρ on K×UK×∞. Let γ2 be one of the
hK continuous homomorphisms from K×A to C× which coincide with σ2 on K×UK×∞.
Theorem 4.1. Let a be a lattice in K = Q(√−p1 · · ·pt ). Then the same statements in Theo-
rem 3.1 with γ2 instead of γ1 hold.
5. Criterions
In this section we come back to general case, i.e. K is an arbitrary imaginary quadratic field.
Let γ be a Grössen-character of K×A with γ˜ ((x)) = x for any x ∈ K× such that x ≡ 1 mod× m,
where m and γ˜ are the same as in Introduction. Let f (z) = fγ˜ (z) and M be also as in Introduc-
tion. Then we have the following:
Theorem 5.1. The following conditions are equivalent:
(1) K  M .
(2) Jf is simple over K .
(3) γ = ρ ◦ γ ◦ ρ on K×A .
(4) M is totally real.
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just below that.
(2) ⇒ (3). By Proposition 4.2 in [2, p. 277], α˜Jf /K = γ˜ . Jf is defined over Q, so ρJf = Jf ,
hence αJf /K = αρJf /K = ρ ◦ αJf /K ◦ ρ. Then we have
γ˜ = α˜Jf /K = ρ ◦ α˜Jf /K ◦ ρ = ρ ◦ γ˜ ◦ ρ = ˜ρ ◦ γ ◦ ρ,
hence γ = ρ ◦ γ ◦ ρ on K×A .
(3) ⇒ (4). We have f = fγ˜ = fρ˜◦γ ◦ρ = ρf . Hence M ⊆ R. By Proposition 3.2 in [6, p. 32],
M is a CM or totally real field. Therefore M is totally real.
Lastly, the implication (4) ⇒ (1) is trivially true. 
6. Main results I
We have the following:
Theorem 6.1. Let E be an elliptic curve constructed in Theorem 3.1. Then,
E satisfies the conditions of
{
Case 1 (in Introduction) if m = 1,
Case 2 and (a) if m> 1.
Proof. Let  be a prime number splitting in K/Q and let l, l′ be the prime ideals lying above .
Let g be the order of the element cl(l) represented by l in ClK . Then we have lg = (α) for some
α ∈OK . Take a prime element π of Kl and put
ιlπ := (. . . ,1, π
̂l component
,1, . . . , 1
̂∞ component
) ∈ K×A .
Then we have
(ιlπ)
g = α︸︷︷︸
∈K×
(
. . . , α−1, α−1πg,α−1, . . . ,1
)︸ ︷︷ ︸
∈U
(
. . . ,1, α−1
)︸ ︷︷ ︸
∈K×∞
,
so γ1(ιlπ)
g = h1(α−1)α ∈ {±α}. Since ρ induces an isomorphism from Kl to Kl′ , π ′ := ρ(π) ∈
Kl′ is a prime element of Kl′ . Since
ιlπιl′π
′ = ︸︷︷︸
∈K×
(
. . . , −1,π−1,π ′−1, −1, . . . ,1
)︸ ︷︷ ︸
∈U
(
. . . ,1, −1
)︸ ︷︷ ︸
∈K×∞
,
we have γ1(ιlπ)γ1(ιl′π ′) = h1(−1) = h1(). Since
(ρ ◦ γ1 ◦ ρ)(ιlπ) = ρ
(
γ1(ιl′π
′)
)= ρ(h1()γ1(ιlπ)−1)= h1()ρ(γ1(ιlπ))−1,
it holds that
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(
γ1(ιlπ)
)= h1()
⇔
{
h1() = 1, ()
|γ1(ιlπ)| =
√
. ()
Claim 1. The condition () always holds.
Proof. Since γ1(ιlπ)g = ±α (as proved above), we have |γ1(ιlπ)| = |α|
1
g
. On the other hand,
|α|2 = NK/Q(α) = N(lg) = g . Hence the assertion holds. 
Claim 2. The following conditions are equivalent:
(1) γ1 = ρ ◦ γ1 ◦ ρ on K×A .
(2) h1() = 1 for any prime number  which splits in K/Q.
Proof. (1) ⇒ (2) is already proved.
(2) ⇒ (1). We note that ClK is generated by elements represented by split prime ideals, i.e.
there exist split prime ideals l1, . . . , lt of K such that
ClK =
〈
cl(l1), . . . , cl(lt )
〉
.
Let πi be a prime element of Kli (1 i  t). Then we have
K×A =
〈
ιl1π1, . . . , ιlt πt ,K
×UK×∞
〉
.
Since σ1 = ρ ◦ σ1 ◦ρ on K×UK×∞ (as explained in Section 3) and γ1(ιli πi) = (ρ ◦ γ1 ◦ρ)(ιli πi)
(by the assumption and Claim 1), we obtain the condition (1). 
Now we consider the case of m ≡ 1 mod 4. Then we have
Claim 3. For any odd prime number , it holds that h1() = 1 if and only if  ≡ 1 or 3 mod 8.
Proof. By some calculations, we have that
 =
⎧⎪⎪⎨⎪⎪⎩
1 if  ≡ 1 mod 8,
−τ if  ≡ 3 mod 8,
τ if  ≡ 5 mod 8,
−1 if  ≡ 7 mod 8
in Op/O×2p . By definition of h, we obtain that
h1() =
{
1 if  ≡ 1 or 3 mod 8,
−1 if  ≡ 5 or 7 mod 8. 
We suppose that m = 1 (i.e. K = Q(√−2 )). Then a odd prime number  splits in K/Q if and
only if  ≡ 1 or 3 mod 8, hence the condition (2) of Claim 2 holds.
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exist infinitely many prime numbers 0 such that
0 ≡ 5 mod 8,
(
0
r1
)
= −1, 0 ≡ 1 mod r2, . . . , 0 ≡ 1 mod rs .
Such 0 splits in K/Q but h1(0) = −1, so the condition (2) of Claim 2 does not hold.
In case of m ≡ 3 mod 4, we can take a prime number 0 such that
• 0 ≡ 5 mod 8, ( 0q ) = −1,
• if m
q
> 1 and m
q
= q1 · · ·qu is the factorization into prime factors,
0 ≡ 1 mod q1, . . . , 0 ≡ 1 mod qu.
Such 0 splits in K/Q but h1(0) = ( 0q ) = −1.
Finally, since F ′ := K(jE) contains the Hilbert class field H of K , we have that
NF ′/K(F
′×
A ) ⊆ NH/K(H×A ) ⊆ K×UK×∞, hence the condition (a) in Case 2 holds with F :=
Q(jE) if m 1. 
Theorem 6.2. Let E be an elliptic curve constructed in Theorem 4.1. Then, E satisfies the con-
dition of Case 1.
Proof. Let f (z) = fγ˜2(z) be the modular form associated to γ2. Since the discriminant of K =
Q(
√−p1 · · ·pt ) is −p1 · · ·pt and the conductor of γ2 is p1 · · ·pt , we have that the level of f is
N := (p1 · · ·pt)2 and the Nebentypus ε of f is given by
ε : (Z/NZ)× → C×, a →
(−p1 · · ·pt
a
)
γ˜2((a))
a
(
a ∈ Z, (a,N) = 1).
We will show that ε is trivial. Since any element of (Z/NZ)× is represented by prime numbers,
it is enough to prove that ε() = 1 for any prime number  with (,N) = 1. We define an element
δ of K×A by
δ =:
{
ιl if () = l,
ιlιl′ if () = ll′.
Then
δ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
︸︷︷︸
∈K×
(. . . , −1,1, −1, . . . ,1)︸ ︷︷ ︸
∈U
(. . . ,1, −1)︸ ︷︷ ︸
∈K×∞
if () = l,
︸︷︷︸
∈K×
(. . . , −1,1,1, −1, . . . ,1)︸ ︷︷ ︸
∈U
(. . . ,1, −1)︸ ︷︷ ︸
∈K×∞
if () = ll′.
So we have
γ˜2
(
()
)= γ2(δ) = (−1 mod p1) · · ·(−1 mod pt )= (  ) · · ·(  ).p1 pt p1 pt
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ε() =
(−1

){(
p1

)(

p1
)}
· · ·
{(
pt

)(

pt
)}
= (−1) −12 {((−1) p1−12 ) −12 } · · ·{((−1) pt−12 ) −12 }
= ((−1) −12 )t+1 = 1.
Hence f (z) =∑m1 amqm is a normalized newform of weight two on Γ0(p21 · · ·p2t ), especially
M = Q(am | m 1) is totally real. Therefore K  M . 
Since the conductor of γ1 is p5 (respectively q) if m ≡ 1 mod 4 (respectively m ≡ 3 mod 4),
we have the following:
Theorem 6.3.
(1) Let E be an elliptic curve constructed in Theorem 3.1. Then, if m ≡ 1 mod 4 (respectively
m ≡ 3 mod 4), there is a non-trivial rational map from X1(28m) (respectively X1(23qm)) to
E defined over Q(jE).
(2) Let E be an elliptic curve constructed in Theorem 4.1. Then there is a non-trivial rational
map from X0(p21 · · ·p2t ) to E defined over Q(jE).
7. Determination of certain imaginary quadratic fields
To construct certain CM elliptic curves satisfying the conditions of Case 2 and (b), we consider
the following condition (∗) about an imaginary quadratic field K :
(∗)
{
for any elliptic curve E defined over Q(jE) such that EndQ(E) ∼=OK ,
the ring of integers in K , E is not modular over Q(jE)
and determine all the fields which satisfy (∗).
Theorem 7.1. Let K be an imaginary quadratic field. Then K satisfies (∗) if and only if K has
an expression of the form K = Q(√−p1 · · ·pr ) such that
(i) r  1;
(ii) p1, . . . , pr are distinct prime numbers;
(iii) pi ≡ 1 mod 4 (1 i  r).
Proof. Firstly we prove the if part. Suppose that K is the above type. Now we also suppose that
there exists an elliptic curve E0 defined over Q(jE0) such that EndQ(E0) ∼=OK and it is modular
over Q(jE0). It is easy to see that E0 is a Q-curve over H , the Hilbert class field of K , in the
sense of Gross [1]. But this contradicts Theorem 3.1 in [5, p. 184]. Therefore K satisfies (∗).
Next we prove the only if part by considering the contraposition. Suppose that K is not the
above type. Then K is the type Q(
√−2m) (m 1 is an odd square-free integer) or the discrimi-
nant of K is divisible by a prime number q ≡ 3 mod 4. In the former case we constructed some
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Section 3. So K does not satisfy (∗). In the latter case, if |D| > 3, the first part of Example 3 in
[8, p. 527] implies that K does not satisfy (∗). If |D| = 3 (i.e. K = Q(√−3)), K also does not
satisfy (∗) because any CM elliptic curve defined over Q is modular over Q (by Shimura). This
completes the proof of the contraposition. 
8. Main results II
Let K = Q(√−p1 · · ·pr ) be one of the imaginary quadratic fields considered in Theorem 7.1.
Now we assume that 3 is split in K/Q, i.e. (3) = ll′. This is equivalent to that the number of
elements of the set {i | 1  i  r, pi ≡ 2 mod 3} = {i | 1  i  r, pi ≡ 5 mod 12} (∵ pi ≡
1 mod 4) is odd.
Take an elliptic curve E defined over Q(jE) (⊆ C) with EndQ(E) ∼=OK and fix it. Then E
is not modular over H = K(jE). But, by Theorem 1 in [3], E is modular over L := H(E[l]) and
L/H is a quadratic extension. We denote by EL the quadratic twist of E/H corresponding to
the quadratic extension. Then we have the following:
Theorem 8.1. EL is modular over H . Moreover, if jE ∈ R, EL satisfies the conditions of Case 2
and (b) (in Introduction).
Proof. Since E is modular over L, there exists a Grössen-character γ :K×A → C× such that
γ ◦NL/K = βE/L. We will show that γ ◦NH/K = βEL/H . Since βE/L = βE/H ◦NL/H , we have
γ ◦NL/K = βE/H ◦NL/H . ()
Let χL/H :H×A → {±1} be the Grössen-character corresponding to the quadratic extension L/H .
Then we have βEL/H = βE/H ·χL/H . Take any element x of H×A and separate into the two cases:
(I) x ∈ H×NL/H (L×A);
(II) x /∈ H×NL/H (L×A).
In case (I), we have an expression x = y ·NL/H (z) for ∃y ∈ H×, ∃z ∈ L×A . Then we have
βEL/H (x) = βE/H (x)
(
∵ χL/H (x) = 1
)
= βE/H
(
y ·NL/H (z)
)= βE/H (NL/H (z))
= γ (NL/K(z)) (∵ by ())
= γ (NH/K(NL/H (z)))= γ (NH/K(xy−1))
= γ (NH/K(y−1)NH/K(x))
= γ (NH/K(x)) (∵NH/K(y−1) ∈ K×).
Summarizing we obtain
βEL/H (x) = βE/H (x) = γ
(
NH/K(x)
) ()
in case (I).
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βE/H (x)
2 = βE/H
(
x2
)= γ (NH/K(x2))= (γ (NH/K(x)))2,
hence
γ
(
NH/K(x)
)= ±βE/H (x).
Suppose that γ (NH/K(x)) = βE/H (x). Since any element y of H×A \ H×NL/H (L×A) can be
written in form y = xz for ∃z ∈ H×NL/H (L×A), we have
βE/H (y) = βE/H (xz) = βE/H (x)βE/H (z) = γ
(
NH/K(x)
)
γ
(
NH/K(z)
)
= γ (NH/K(xz))= γ (NH/K(y)). ()
By () and (), we obtain γ ◦NH/K = βE/H . This contradicts that E is not modular over H .
Hence we get γ (NH/K(x)) = −βE/H (x). Therefore
γ
(
NH/K(x)
)= −βE/H (x) = βE/H (x) · χL/H (x) = βEL/H (x).
This completes the proof of γ ◦NH/K = βEL/H . Hence we have obtained the first assertion.
By Theorem 5.1, for proving the second statement it is enough to show that γ = ρ ◦ γ ◦ ρ on
NH/K(H
×
A ). Suppose that γ = ρ ◦ γ ◦ ρ on NH/K(H×A ). Then we have
βEL/H = γ ◦NH/K = ρ ◦ γ ◦ ρ ◦NH/K = ρ ◦ γ ◦NH/K ◦ ρ = ρ ◦ βEL/H ◦ ρ
on H×A . By assumption, ρ(jE) = jE (= jEL). By Theorem 10.1.3 in [1, p. 29], these imply that
EL has a model E′ defined over Q(jE). Since EL is modular over H , E′ is also modular over H ,
hence E′ is modular over Q(jE′) = Q(jE). This contradicts that K satisfies (∗). This completes
the proof of the second statement. 
Theorem 8.2. Let γ be as in the proof of Theorem 8.1 and let f be the newform constructed from
γ as explained in Introduction. Then, if jE ∈ R, we have
RH/Q
(
EL/H
)∼Q Jf
where RH/Q(EL/H ) denotes the Weil restriction from H to Q of EL/H and ∼Q means “isogeneous
over Q.”
Proof. Since γ ◦NH/K = βEL/H , there exists a non-zero homomorphism
ϕ :Jf → EL
defined over H . By considering the Weil restriction from H to K of ϕ, we get the non-zero
homomorphism
Φ :Jf → RH/K
(
EL/H
)
588 N. Murabayashi / Journal of Number Theory 128 (2008) 576–588defined over K . EL has an K-character in the sense of Nakamura [4]. By Theorem 2 in [4,
p. 380], RH/K(EL/H ) is a simple CM type abelian variety over K . Hence RH/K(EL/H ) is a K-
simple factor of Jf . By Theorem 8.1, EL satisfies the condition of (b) in Case 2. Therefore we
have
dimJf = 2 × dimRH/K
(
EL/H
)= 2[H : K] = [H : Q] = dimRH/Q(EL/H )
(see the paragraph following Proposition 4.2 in [2, p. 277]). By considering the Weil restriction
from H to Q of ϕ, we get the non-zero homomorphism
Ψ :Jf → RH/Q
(
EL/H
)
defined over Q. Since Jf is simple over Q, we have that Ψ is an isogeny. This completes the
proof. 
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